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Abstract
Let us consider an algebraic function field defined over a finite Galois extension K of a perfect
field k. We give some conditions allowing the descent of the definition field of the algebraic
function field from K to k. We apply these results to the descent of the definition field of a tower of
function fields. We give explicitly the equations of the intermediate steps of an Artin-Schreier type
extension reduced from Fq2 to Fq . By applying these results to a completed Garcia-Stichtenoth’s
tower we improve the upper bounds and the upper asymptotic bounds of the bilinear complexity
of the multiplication in finite fields.
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fields, for fields of characteristic 2. A key point, allowing the computation, is
the existence of a descent of the definition field from F22s to F2s for the Garcia-
Stichtenoth’s tower (cf. [8]) completed by intermediate steps (cf. [2]). The proof
used in [5] cannot be performed in the odd characteristic case. So, it is of interest
to know whether there exists, when the characteristic is not 2, a descent of the
definition field of a tower.
In Section 2 we recall the notion of descent of the definition field of an algebraic
function field, and we proceed with a brief study of this notion. We prove that
under certain conditions, the descent is possible. This part is closely related to the
descent theory, developed by A. Weil (cf. [15]). However, because our goal is to
study algebraic function fields and not coordinate rings, we have replaced here the
notion of descent defined in [12] by a slightly weaker notion.
In Section 3, we give explicitly the equations of the intermediate steps of an Artin-
Schreier type extension reduced from Fq2 to Fq.
Section 4 is devoted to the case of the completed Garcia-Stichtenoth’s tower. It
contains a summary of the tower construction, a proof that the descent of the
definition field from Fq2 to Fq is possible. Using the results of Section 3, we
obtain an alternative proof of the existence of the descent and also we can give
the equation of each step of the reduced tower. As an application we derive an
interesting bound for the bilinear complexity of the multiplication in finite fields
which extends the results of [5].
2 General results on the descent of the definition
field
From now on, k is a perfect field and K is a finite Galois extension of k such that
k ⊂ K ⊂ U , where U is a fixed algebraically closed field. We will denote by
Γ = Gal (K/k) the Galois group of this extension. The group Γ is also the Galois
group of the Galois extensionK(x)/k(x) of the rational function field k(x) by the
rational function field K(x). Let C be an absolutely irreducible algebraic curve.
We assume that C is defined over K. That is, the ideal of C can be generated
by a family of polynomials which coefficients are in K. Let F = K(C) be the
algebraic function field of one variable associated to C. We remark that K is the
full constant field of F . The descent problem of the definition field of the curve C
from K to k is the following: is it possible to find an absolutely irreducible curve
2
C′ defined over k and birationally isomorphic to C? If the answer is positive, let
us set F ′ = k(C′). Then k is the full constant field of F ′. Algebraically speaking,
the descent problem can be expressed in the following way:
Definition 2.1 Let F/K be an algebraic function field of one variable with full
constant field K. We consider F as a finite extension of K(x) for some x ∈ F
transcendental over K. We say that the descent of the definition field of F from K
to k is possible, if there exists an extension F ′ of k(x), with full constant field k,
such that F is isomorphic as k-algebra to F ′ ⊗k K. We will say also that we can
reduce F/K to F ′/k.
For any algebraic function field F/K, we assume tacitely thatK is its full constant
field and that F is a subfield of the algebraically closed field U .
First we are going to study some simple general conditions allowing the reduction.
Theorem 2.2 Let F/K be an algebraic function field. If the extension F/k(x) is
Galois with Galois group G and if G is the semi-direct product G = G⋊ Γ, where
G = Gal (F/K(x)) and Γ = Gal (K(x)/k(x)), then the descent of the definition
field from K to k is possible.
Proof. Let us suppose that the extension F/k(x) is Galois with Galois group
G. Then F/K(x) is Galois with Galois group G (cf. Figure (1)). As K(x) is a
Galois extension of k(x), the Galois group G is a normal subgroup of G and Γ is
isomorphic to the factor group G/G.
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Then we have the exact sequence
1→ G
i
→ G
s
x
pi
→ Γ→ 1.
Moreover, G is the semi-direct product G = G⋊ Γ, so that we can build a section
s lifting Γ into G. We can say also that for all σ ∈ Γ = Gal (K/k) there exists
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an automorphism s(σ) of F over k(x) which is a continuation of σ. Moreover for
each σ, τ in Γ, we have the condition
s(σ.τ) = s(σ).s(τ).
Hence, the group Γ acts on F . More precisely its action T is defined by
T (σ, x) = s(σ)(x).
Let F ′ = F s(Γ) be the fixed field of s(Γ). Since K is a finite extension of k, F is
a finitely generated k-algebra and any element of F is integral over F ′. Then F ′
is a finitely generated k-algebra (cf. [12]). To prove that F/K can be reduced, we
have just to show that F = F ′⊗kK. This is a consequence of Lemma 26 Chapter
V in [12]. 
Corollary 2.3 Suppose that F/k(x) is an abelian extension with Galois group G.
If Γ = Gal (K/k) is a cyclic group of prime order p and if G = Gal (F/K(x)) is
of order m whith gcd(m, p) = 1 then the descent of the definition field from K to
k is possible.
Proof. The commutative group G has pm elements. Hence it contains a cyclic
subgroup Γ′ of order p. The morphism s which sends a generator of Γ on a gener-
ator of Γ′ defines a section. 
Theorem 2.4 Let F be a Galois extension of K(x). Assume that it is possible to
reduce F/K to F ′/k. Then F/k(x) is Galois (cf. Figure (1)).
Proof. The extension F/F ′ is Galois, and its Galois group is Γ. So that we
can define an action from Γ on the Galois group G = Gal (F/K(x)) by inner
automorphisms:
γ(g) = γ−1 ◦ g ◦ γ.
Then, the semi-direct product G ⋊ Γ is a group of k(x)-automorphisms of F .
The cardinality of this group is exactly the degree of F over k(x). Hence we can
conclude that G ⋊ Γ is the group of automorphisms of F over k(x) and that the
extension F/k(x) is Galois, with Galois group G = G⋊ Γ. 
Theorem 2.5 Let F/K and E/K be algebraic function fields such that
K(x) ( E ( F.
4
We suppose that F/K(x) is Galois. Let H be the Galois group of F/E. Suppose
that we can reduce F/K to F ′/k. Let Γ be the Galois group of the extension
F/F ′. Suppose that Γ acts on H by inner automorphisms. Then we can reduce
E/K to an algebraic function field E ′/k.
Proof. By Theorem 2.4 the extension F/k(x) is Galois with Galois group G.
Let H be the semi-direct product H ⋊ Γ corresponding to the action by inner
automorphisms from Γ on H . This group is a subgroup of the Galois group G.
Hence there is an algebraic function field E ′/k corresponding to the field fixed
by H. Note that Γ is a subgroup of H, so that E ′ ⊂ F ′. On the other hand
the full constant field of F ′ is k. Hence, the full constant field of E ′ is k. The
group H is a subgroup of H, then H fixes E ′ and consequently also E ′ ⊗k K.
We conclude that E ′ ⊗k K ⊆ E. But we have [E : K(x)] = ord (G/H) and
[E ′ : k(x)] = ord (G/H) . Hence, [E : K(x)] = [E ′ : k(x)] = [E ′ ⊗k K : K(x)].
Thus E = E ′ ⊗k K, which completes the proof. 
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Remark 2.6 Let E1, E2 be two functions fields such that K(x) ⊂ E1 ⊂ E2 ⊂ F
and satisfying the hypothesis of Theorem 2.5. The construction given in the proof
of the previous theorem brings forth the descents E ′1 and E ′2 such that k(x) ⊂
E ′1 ⊂ E
′
2 ⊂ F
′
.
3 Explicit descent in particular cases
In this section, we assume that q = pn is a prime power.
Our aim is the following. We consider an algebraic function field L/Fq2 and, for
u ∈ L, we set F = L(z), where zq+ z = u. We assume that there exists a place ℘
of L such that ν℘(u) = −m, with m > 0 and gcd(m, q) = 1. Then the extension
F/L is of Artin-Schreier type (see [8], Proposition 1.1) and, more precisely, F/L
is an elementary abelian extension of exponent p and degree q = pn. Assume that
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L/Fq2 can be reduced over Fq and let L′/Fq is its reduced function field. Assume
moreover that u ∈ L′ and set G = L′(z), where zq + z = u. We want to prove
that, for all i, 1 ≤ i < n, there exists a subfield Gi of G, such that [G : Gi] = pi,
and we want to give explicitly the equation of each function field Gi/Fq.
Note that similar technics are used in [9] and [6].
3.1 Linearized or additive polynomials
Definition 3.1 A linearized or additive polynomial R(T ) =
∑d
i=0 aiT
qi ∈ k[T ]
with coefficients in a field extension k of Fq is called a q-polynomial over k. If
R(T ) ∈ Fq[T ] we say that R(T ) is a q-polynomial. The symbolic product of two
q-polynomials over k, Q(T ) and M(T ), is the q-polynomial over k defined by
(M ⋆Q)(T ) = M(Q(T )).
If R(T ) is a q-polynomial over k such that R(T ) = (M ⋆Q)(T ), where Q(T ) and
M(T ) are q-polynomials over k, we say that M(T ) divides symbolically R(T ).
The symbolic product is associative, distributive (with respect to the ordinary ad-
dition), but it is not commutative if Fq ( k (see further). To each q-polynomial
over k one can associate a Fq-linear map from k to itself.
Now, for q-polynomials, the symbolic product is commutative and it is quite sim-
ple to know if a q-polynomial divides symbolically another q-polynomial.
Lemma 3.2 Let R(T ) and Q(T ) be q-polynomials. The following properties are
equivalent:
• Q(T ) divides symbolically R(T ),
• Q(T ) divides (in the ordinary sense) R(T ) in Fq[T ].
Proof. see [11, Theorem 3.62. p. 109]. 
Example 3.3 The polynomial P (T ) = T q + T is a q-polynomial and also a p-
polynomial. The set of roots of P , P = {α ∈ F¯q, P (α) = 0} is a Fp-vector space
of dimension n and
P = {α ∈ Fq2, trace Fq2/Fq(α) = 0}.
If p = 2,P = Fq and otherwiseP ⊂ Fq2 . MoreoverP is stable under Gal (Fq2/Fq),
as well as any Fp-subspace H of P , since aq = −a for all a ∈ P . Notice that, if
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p = 2, the Fq-linear map associated to P (T ) = T q+T is the zero map from Fq to
itself and that the p-polynomials Q(T ) = T 2 + T and M(T ) = T 2n−1 + · · ·+ T
divide symbolically P (T ), since
P (T ) = T 2
n
+ T = M(Q(T )) = Q(M(T )).
Definition 3.4 Let k be a field extension of Fq. We denote by τq : x 7→ xq the
Frobenius endomorphism and we consider the Fq-algebra
k{τq} =
{
d∑
i=0
aiτ
i
q , ai ∈ k
}
,
equipped with the composition law ◦.
Notice that, if α ∈ k, we have τq ◦ (ατ 0q ) = αqτq , thus the composition law ◦ is
commutative in k{τq} if and only if k = Fq. The Fq-algebra of q-polynomials over
k equipped with the symbolic product ⋆ is isomorphic to the Fq-algebra k{τq}, the
isomorphism being the following:
P (T ) =
d∑
j=0
αjT
qj 7→ P (τq) =
d∑
j=0
αjτ
j
q .
We say that P (τq) is monic (resp. separable) if P (T ) is monic (resp. separable).
Notice then that P (τq) =
∑d
j=0 αiτ
j
q is separable if and only if α0 6= 0. Moreover
DegP (T ) = qDegP (τq).
The set of roots of a q-polynomial over k = Fr has special properties.
Lemma 3.5 Assume that Fq ⊂ Fr ⊂ Fs.
1. Let P (T ) ∈ Fr[T ] be a non-zero q-polynomial over Fr and let Fs be a finite
extension of Fr containing all the roots of P . Then each root of P (T ) has
the same multiplicity, which is either 1 or a power of q, and the set of roots
of P (T ) is a Fq-subspace of Fs.
2. Let H be a Fq-subspace of Fs. Then PH(T ) =
∏
a∈H(T − a) is a q-
polynomial over Fs. Moreover, if H is stable by Gal (Fs/Fr), then PH(T )
is a q-polynomial over Fr.
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Proof. see [11, Theorems 3.50 and 3.52. p. 103]. The last assertion is clear. 
If H is a Fq-subspace spanned by {w1, . . . , wn} ⊂ k, we set H = 〈w1, . . . , wn〉q.
Definition 3.6 Let Fq ⊆ k and {w1, . . . , wd} ⊂ k. We define the Moore determi-
nant of {w1, . . . , wd} over Fq to be
∆(w1, . . . , wd) =
∣∣∣∣∣∣∣∣∣
w1 · · · wd
wq1 · · · w
q
d
.
.
.
.
.
.
wq
d−1
1 · · · w
qd−1
d
∣∣∣∣∣∣∣∣∣
.
We refer to [10, page 8] for the computation of a Moore determinant.
Lemma 3.7 Let k be a field such that Fq ⊆ k and let H be a Fq-subspace of k
of dimension d. Then {w1, . . . , wd} ⊂ H is a basis of H over Fq if and only if
∆(w1, . . . , wd) 6= 0.
Proof. [10], Corollary 1.3.4. 
3.2 Equations of subextensions of an Artin-Schreier type ex-
tension
The following result is an application of [10], Proposition 1.3.5.
Proposition 3.8 Set q = pn, r = qe and let A(T ) ∈ Fr[T ] be a monic non-zero
separable q-polynomial over Fr of degree qd, 1 ≤ d ≤ e, having all its roots in
an extension Fs of Fr. The set of roots of A(T ), denoted by A, is a Fq-vector
space of dimension d. Assume that A and all its Fq-subspaces are stable under
Gal (Fs/Fr).
1. Let (w1, . . . , wd) be a basis of A over Fq. For all i, 1 ≤ i < d, set
Ai(T ) =
∏
a∈Hi
(T − a), where Hi = 〈w1, . . . , wi〉q.
Then Ai(T ) is a monic separable q-polynomial over Fr of degree qi and
there exists a unique monic separable q-polynomial over Fr of degree qd−i,
Mi(T ), such that A(T ) = (Mi ⋆ Ai)(T ). More precisely
Mi(T ) =
∏
a∈H¯i
(T − a), where H¯i = 〈Ai(wi+1), . . . , Ai(wd)〉q.
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2. Let E/Fr be an algebraic function field and set G = E(z), where A(z) =
u ∈ E. Assume moreover that there exists a place ℘ of E such that ν℘(u) =
−m, with m > 0 and gcd(m, p) = 1. For all i, 1 ≤ i < d, we consider the
subfield Gi of G defined by
Gi = E(ti), with ti = Ad−i(z) and Md−i(ti)− u = 0.
Then the full constant field of G and Gi is Fr and [Gi : E] = qi.
Proof.
1. By Lemma 3.5,A is a Fq-vector space. The polynomialAi(T ) =
∏
a∈Hi
(T−
a) is a monic factor of A(T ) and its degree is equal to qi. By Lemma 3.5
and since Hi is a Fq-vector space, Ai(T ) is a q-polynomial over Fs. But,
since Ai(T ) is stable under Gal (Fs/Fr), it is a q-polynomial over Fr. Set
σj = Ai(wj), for all j = 1, . . . , d and write Ai(T ) =
∑i
m=0 bmT
qm
, with
bi = 1 and bm ∈ Fr for all 1 ≤ m ≤ i. Since σj = 0, for all j = 1, . . . , i,
we have Ker (Ai) = Hi and Im (Ai) =< σi+1, . . . , σd >q, where we denote
by Ai the Fq-linear map from A into Fs associated to Ai(T ). In particular,
σi+1, . . . , σd are t = d− i vectors of Fs which are independent over Fq. We
look for a polynomial Mi(T ) =
∑d−i
m=0 cmT
qm
, with cd−i = 1 and cm ∈ Fr,
such that A(T ) = Mi(Ai(T )). But this is equivalent to Mi(σj) = 0, for all
j = i + 1, . . . , d. Thus the cm’s are solutions of the following system of t
equations and t indeterminates:

σq
t−1
i+1 Xt−1 + σ
qt−2
i+1 Xt−2 + · · · + σi+1X0 = −σ
qt
i+1
.
.
.
σq
t−1
d Xt−1 + σ
qt−2
d Xt−2 + · · · + σdX0 = −σ
qt
d .
By Lemma 3.7, the Moore determinant over Fq of this system is non zero if
and only if σi+1, . . . , σd are linearly independent over Fq, which is the case.
Thus the preceding system has a unique solution in Fts. Since A and Hi
are stable under Gal (Fs/Fr), we obtain that Mi(T ) ∈ Fr[T ]. Notice that
Ai(T ) =
∑i
m=0 bmT
qm and Mi(T ) =
∑d−i
m=0 cmT
qm are separable polyno-
mials, since the product c0b0 is equal to the coefficient of T in A(T ) which
is non-zero.
2. Consider the constant field extension L/Fs of the function field E/Fr and
set F = G⊗Fr Fs. Then F = L(z), with A(z)− u = 0. First, we show that
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the full constant field of F is Fs. Let q be a place of L/Fs above ℘. Since
the extension L/Fs of E/Fr is unramified, we have νq(u) = ν℘(u) = −m,
with gcd(m, p) = 1. Thus the polynomial A(T ) − u ∈ E[T ] ⊂ L[T ] is
absolutely irreducible. We also deduce from this fact that the full constant
field of G is Fr. Moreover the additive separable polynomial A(T ) has all
its roots in Fs and Proposition III.7.10 of [14] says that the extension F/L
is Galois of degree qd and Gal (F/L) ≃ A. We identify Gal (F/L) with A.
To the sequence of subgroups H1 ⊂ H2 ⊂ . . . ⊂ Hd−1 ⊂ A, we associate
the sequence of subfields Li/Fs of F/Fs
L ⊂ L1 ⊂ . . . ⊂ Ld−1 ⊂ F,
where Li = FHd−i is the fixed field of Hd−i ⊆ Gal (F/L). By Galois
theory, [F : Li] = ordHd−i = qd−i and thus [Li : L] = qi. The element
ti = Ad−i(z) =
∏
a∈Hd−i
(z − a) ∈ Fr[z] is in F and it is fixed by Hd−i,
then L(ti) ⊆ Li. Moreover, the minimal polynomial of z over L(ti) divides
Ad−i(T ) − ti which is of degree qd−i. Thus Li = L(ti) and the minimal
polynomial of z over Li is Ad−i(T ) − ti. Finally, [Li : L] = qi and the
minimal polynomial of ti over L is Md−i(T ) − u. Since ti ∈ Fr[z] is an
element of G, the field Gi = E(ti) is a subfield of G, and the minimal
polynomial of ti over E is Md−i(T )− u again, since Md−i(T ) ∈ Fr[T ] and
u ∈ E. Clearly, Li = Gi ⊗Fr Fs, which proves that Li/Fs is the constant
field extension of Gi/Fr. To summarize, we have
G = E(z) F = L(z)
Gi = E(ti)
qd−i
Li = L(ti)
qd−i
E
qi
L
qi
Fr Fs

We apply the previous result to the polynomial A(T ) = T q + T .
Corollary 3.9 Set q = pn and P (T ) = T q + T .
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(i) The set P ⊂ Fq2 of roots of the separable p-polynomial P (T ) is a Fp-vector
space of dimension n, which is stable under Gal (Fq2/Fq). Let (w1, . . . , wn)
be a basis of P over Fp.
(ii) For all i, 1 ≤ i < n, we set
Pi(T ) =
∏
a∈Hi
(T − a), where Hi = 〈w1, . . . , wi〉p. (3)
Then Pi is a monic separable p-polynomial over Fq of degree pi and there
exists a unique monic separable p-polynomial over Fq of degree pn−i, Mi,
such that P (T ) = (Mi ⋆ Pi)(T ). More precisely
Mi(T ) =
∏
a∈H¯i
(T − a), where H¯i = 〈Pi(wi+1), . . . , Pi(wn〉p. (4)
(iii) Let L/Fq2 be an algebraic function field and consider an Artin-Schreier type
extension F/Fq2 of L/Fq2 defined by F = L(z) with P (z) = u ∈ L. We
assume that there exists a place ℘ of L such that ν℘(u) = −m, with m > 0
and gcd(m, p) = 1. Assume moreover that L/Fq2 can be reduced over Fq
and letE/Fq be the reduced field. We assume that u ∈ E and setG = E(z),
where P (z) = u. For all i, 1 ≤ i < n, we consider the sub-function field
Gi of G defined by
Gi = E(ti), with ti = Pn−i(z) and Mn−i(ti)− u = 0.
Then the full constant field of G and Gi is Fq, [Gi : E] = pi and E ⊂ G1 ⊂
. . . ⊂ Gn−1 ⊂ G.
Proof.
(i) See Example 3.3. We have seen that P and also any Fp-subspace of P is
stable under Gal (Fq2/Fq). Let (w1, . . . , wn) be a basis of P and let Hi be
the Fp-subspace spanned by (w1, . . . , wi), for 1 ≤ i < n.
(ii) Apply assertion 1 of Proposition 3.8.
(iii) We have assumed that u ∈ E, where E/Fq is the constant restriction (or
descent) ofL/Fq2 and that there exists a place ℘ ofL such that ν℘(u) = −m,
with m > 0 and gcd(m, p) = 1. Thus there exists a unique place p of E/Fq
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which lies under ℘ and such that νp(u) = −m. Then we apply assertion
2 of Proposition 3.8. Assume n ≥ 2 and let us show that Gi ⊂ Gi+1 for
all 1 ≤ i < n − 1. We have [G : Gi] = pn−i and Pn−i(z) = ti with
DegPn−i(T ) = p
n−i for all 1 ≤ i < n. The equation of G over Gi is then
Pn−i(z) = ti. We can apply assertion 2 of Proposition 3.8 recursively to
obtain G1 such that E ⊂ G1 ⊂ G, then G2 such that G1 ⊂ G2 ⊂ G and so
on. But also, applying assertion 1 in [10], Proposition 1.3.5, we have for all
1 < j < n
Pj(T ) = Pj−1(T )
p −WjPj−1(T ),
where Wj = Pj−1(wj)p−1 =
∏
a∈Hj−1
(wj − a)p−1. Moreover Wj is in Fq,
since
W qj =
∏
a∈Hj−1
(wqj − a
q)p−1 =
∏
a∈Hj−1
(−wj + a)
p−1 = Wj .
Thus Gi+1 = Gi(ti+1), where
tpi+1 −Wn−iti+1 = ti. (5)

We can apply the preceding result to the Hermitian function field F/Fq2 . The fact
that the Hermitian function field has a descent from Fq2 to Fq is obvious since its
equation is defined over Fq. Moreover, if p = 2, the reduced field of F over Fq
is a Galois extension of the rational function field Fq(x), thus the existence of the
intermediate steps is also obvious (see [5]).
Corollary 3.10 Set G1 = Fq(x) and consider the descent over Fq of the Hermi-
tian function field, denoted by G2/Fq = Fq(z, x)/Fq, with zq + z = xq+1. For all
i, 1 ≤ i < n, we consider the subfield G1,i of G2 defined by
G1,i = Fq(x, ti), with ti = Pn−i(z) and Mn−i(ti)− xq+1 = 0,
where Pi and Mi are defined by (3) and (4) respectively. Then the full constant
field of G1,i is Fq, [G1,i : Fq(x)] = pi, the genus of G1,i/Fq is gi = q(pi−1)2 and
G1 ⊂ G1,1 ⊂ . . . ⊂ G1,n−1 ⊂ G2.
Proof. Since the equation of the Hermitian function field F2/Fq2 is defined over
Fq, it has a descent over Fq, say G2/Fq. Consider the rational function fields
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F1/Fq2 = Fq2(x)/Fq2 and G1/Fq = Fq(x)/Fq. The infinite place ℘ of F1/Fq2
is fully ramified in F2/Fq2 and ν℘(xq+1) = −(q + 1). Let us denote by p the
infinite place of G1/Fq. Then p is fully ramified in G2/Fq. Since G1,i is a sub-
extension of G2, p is also fully ramified in G1,i and the result follows. Notice
that, if p = 2, the extension G2/G1,i is Galois, otherwise it is not Galois. To
compute the genus of G1,i/Fq, we apply [14, Prop. III.7.10], considering the
constant field extension F1,i/Fq2 of G1,i/Fq. The genus of G1,i/Fq and F1,i/Fq
are equal and F1,i = Fq2(x, ti), with Mn−i(ti) − xq+1 = 0. Since Mn−i(T )
is an additive polynomial of degree pi which has all its roots in Fq2 and since
ν℘(x
q+1) = −(q+1), Proposition III.7.10 of [14] shows that the genus of F1,i/Fq2
is equal to gi = q(p
i−1)
2
. 
Notice that the constant field extension F1,i/Fq2 of each G1,i/Fq is a subfield of
the Hermitian function field and thus is maximal. The number of rational places
of each G1,i/Fq is then equal to q + 1.
Example 3.11 Assume p = 2 and q = pn. Then P = Fq and a Fp-basis of P
is just a basis of Fq over Fp. If w is a generator of Fq over F2, we consider the
groups Hi+1 = 〈1, w, . . . , wi〉2, for 0 ≤ i < n− 2. We have seen previously that
the p-polynomials Q(T ) = T 2 + T and M(T ) = T 2n−1 + · · · + T are symbolic
factors of P (T ) and P (T ) = T q + T = M(Q(T )) = Q(M(T )). Moreover,
M(T ) defines the trace map from F2n to F2. The element tn−1 = Q(z) = z(z+1)
corresponds to H1 and this gives step n− 1
G1,n−1 = G1(tn−1), where M(tn−1) + xq+1 = 0.
If n = 2, we are done. Assume n > 2 is even. Then Hn−1 = {a ∈ Fq, M(a) = 0}
is a subspace of P of order 2n−1 which contains H1. This gives step 1, t1 =∏
a∈Hn−1
(z + a), G1,1 = G1(t1) and the minimal polynomial of t1 over G1 is
Q(T )+xq+1 = 0. Notice that, if n is odd, we cannot obtain step 1 by this method.
1. q = 22. t1 = z(z + 1), and G1,1 = Fq(x, t1), with M1(t1) = xq+1, where
M1(T ) = T
2 + T .
2. q = 23. Let w be a generator of Fq, with w3 + w + 1 = 0. The two
intermediate function fields G1,i/Fq are G1,i = Fq(x, ti), i = 1, 2, where
(a) t2 = z(z + 1), M1(T ) = T 4 + T 2 + T ,
(b) t1 = t1(z + w)(z + w + 1), M2(T ) = T 2 + w3T .
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3. q = 24. Let w be a generator of Fq, with w4 + w + 1 = 0.
(a) t3 = z(z + 1), M1(T ) = T 8 + T 4 + T 2 + T ,
(b) t2 = t3(z + w)(z + w + 1), M2(T ) = T 4 + w10T 2 + w10T ,
(c) t1 = M1(z), M3(T ) = T 2 + T ,
4. q = 25. Let w be a generator of Fq, with w5 + w2 + 1 = 0.
(a) t4 = z(z + 1), M1(T ) = T 16 + T 8 + T 4 + T 2 + T ,
(b) t3 = t4(z + w)(z + w + 1), M2(T ) = T 8 + w26T 4 + w16T 2 + w12T ,
(c) t2 = t3
∏
a∈{w2,w19}(z + a)(z + a+ 1), M3(T ) = T
4 +w29T 2 +w6T ,
(d) t1 = t2
∏
a∈{w3,w6,w12,w20}(z + a)(z + a + 1), M4(T ) = T
2 + w2T .
Let us apply formula (5) in the last case q = 25:
z32 + z = x33 G2 = G1(z)
25
G2 = G1,4(z) z2 + z = t4
G1,4 = G1,3(t4)
2
t24 + w
19t4 = t3
G1,3 = G1,2(t3)
2
t23 + w
6t3 = t2
G1,2 = G1,1(t2)
2
t22 + w
4t2 = t1
G1,1 = G1(t1)
2
t21 + w
2t1 = x
33
G1 G1 = F32(x)
2
Assume that p ≥ 3. Then, setting Nq(P) := norm F
q2
/Fq(P \ {0}), the factoriza-
tion of P in Fq[T ] is
P (T ) = T
∏
a∈Nq(P)
(T 2 + a) .
For instance, for p = 3 we have:
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1. q = 32. Let w be a generator of Fq, with w2 + 2w + 2 = 0. Then
T q + T = T
∏
a∈{w,w3,w5,w7}
(T 2 + a).
Set t1 = z(z2 + w), then the minimal polynomial of t1 over G1 = Fq(x) is
M1(T )− x
q+1
, where M1(T ) = T 3 + w7T .
2. q = 33. Let w be a generator of Fq, with w3 + 2w+ 1 = 0. Then T q + T =
T
∏12
i=0(T
2 + w2i).
(a) t2 = z(z2 + 1), M1(T ) = T 9 + 2T 3 + T .
(b) t1 = t2(z2 + w2)(z2 + w6)(z2 + w18), M2(T ) = T (T 2 + 1).
4 Applications
In this section q = pn is an arbitrary prime power, K = Fq2 and k = Fq.
4.1 Descent of a completed Garcia-Stichtenoth’s tower
Let us recall the definition of a separable tower of function fields over a field K
(cf. [14]).
Definition 4.1 A separable tower T over K is a sequence (Fi)i≥1 of algebraic
function fields of one variable over K such that
T : F1 ( F2 ( · · · ( Fi ( · · · ,
and that each extension Fi/Fi−1 is finite separable.
We consider the Garcia-Stichtenoth’s tower TGS over Fq2 constructed in [8]. Re-
call that this tower is defined recursively in the following way. We set F1 =
Fq2(x1) the rational function field over Fq2 , and for i ≥ 1 we define
Fi+1 = Fi(zi+1),
where zi+1 satisfies the equation
zqi+1 + zi+1 = x
q+1
i ,
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with
xi =
zi
xi−1
for i ≥ 2.
We consider the completed Garcia-Stichtenoth’s tower Tc over Fq2 studied in [2]
obtained from TGS by adjonction of intermediate steps. Namely we have
Tc : F1,0 ⊂ · · · ⊂ Fi,0 ⊂ Fi,1 ⊂ · · · ⊂ Fi,s ⊂ · · · ⊂ Fi,n−1 ⊂ Fi+1,0 ⊂ · · ·
where the steps Fi,0 are the steps Fi of the Garcia-Stichtenoth’s tower and where
Fi,s (1 ≤ s ≤ n− 1) are the intermediate steps.
Each extension Fi,s/Fi is Galois of degree ps, with full constant field Fq2 . More
precisely, each extension Fi,s/Fi is an elementary abelian p-extension. Namely,
the Galois group Gal (Fi,s/Fi) is isomorphic to (Z/pZ)s.
Let us mention the following well known result (cf. [14], Proposition III.7.10):
Proposition 4.2 Consider an algebraic function field F/K, a linearized separa-
ble polynomial A(T ) ∈ K[T ] of degree ps which has all its roots in K and u ∈ F .
Assume that the polynomial A(T )−u is absolutely irreducible and set E = F (z)
with A(z) = u. Then E/F be an elementary abelian p-extension of degree ps and
the Galois group of E/F is
Gal (E/F ) = {z 7→ z + α | A(α) = 0 and α ∈ K}.
Theorem 4.3 Set q = pn. The descent of the definition field of the tower Tc from
Fq2 to Fq is possible. More precisely, there exists a tower Rc over Fq given by a
sequence
Rc : G1,0 ⊂ · · · ⊂ Gi,0 ⊂ Gi,1 ⊂ · · · ⊂ Gi,s ⊂ · · · ⊂ Gi,n−1 ⊂ Gi+1,0 ⊂ · · ·
of algebraic function fields with full constant field Fq such that, for all i ≥ 1 and
1 ≤ s < n
Fi,s = Gi,s ⊗Fq Fq2.
Proof. For any integer i ≥ 1, let E = Fi,s with 1 ≤ s ≤ n − 1 be an in-
termediate step between Fi,0 and Fi+1,0. It is sufficient to prove that the Ga-
lois group Γ = Gal (Fq2/Fq) acts by inner automorphisms on the Galois group
H = Gal (Fi+1,0/E). We know that Fi+1,0/Fi,0 is an elementary abelian p-
extension of Artin-Schreier type of degree q = pn. Hence, by Proposition 4.2
the Galois group G of the extension Fi+1,0 over Fi,0 is the set:
Gal (Fi+1,0/Fi,0) = {zi+1 7→ zi+1 + α | α
q + α = 0, α ∈ Fq2},
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which is isomorphic to the additive group (Z/pZ)n. The group Γ is constituted by
the identity and the Frobenius automorphism τq. The automorphism τq acts on the
Galois group G by the transformation of α into −α. Hence, the subgroup H of G
is let invariant by Γ. The result follows from Theorem 2.5 and Remark 2.6. 
We can prove the preceding result in an effective way. In the following theorem,
we use the notations xi and zi introduced in the definition of the tower TGS .
Theorem 4.4 Set q = pn. The descent of the definition field of the tower Tc from
Fq2 to Fq is possible. The reduced tower over Fq is Rc = (Gi,s, i ≥ 1, 0 ≤ s <
n), where G1,0 = Fq(x1) and, for all i ≥ 1, the explicit equations of the function
fields Gi,s/Fq are the following:
Gi+1,0 = Gi,0(zi+1), z
q
i+1 + zi+1 = x
q+1
i
Gi,s = Gi,0(ti,s), ti,s = Pn−i(zi+1), Mn−i(ti,s) = x
q+1
i ,
where Pj(T ) and Mj(T ), for 1 ≤ j < n, are the p-polynomials over Fq defined
by (3) and (4).
Proof. This follows readily from Corollary 3.9, since each extension Fi+1,0/Fi,0
in tower Tc is of Artin-Schreier type and the infinite place of F1,0/Fq2 is fully
ramified in Fi,0/Fq2 , for all i ≥ 2. Notice that the intermediate steps in the first
stage G2,0/G1,0 are given in Corollary 3.10. 
4.2 On the bilinear complexity of the multiplication
We denote by m the ordinary multiplication in the finite field Fqn of characteristic
p. This field will be considered as a Fq-vector space. The multiplication m is a
bilinear map from Fqn ×Fqn into Fqn , thus it corresponds to a linear map M from
the tensor product Fqn
⊗
Fqn over Fq into Fqn . One can also represent M by a
tensor tM ∈ F∗qn
⊗
F∗qn
⊗
Fqn where F∗qn denotes the dual of Fqn over Fq. Hence
the product of two elements x and y of Fqn is the convolution of this tensor with
x⊗ y ∈ Fqn
⊗
Fqn . The tensor rank µq(n) of tM is called the bilinear complexity
of multiplication in Fqn over Fq. It corresponds to the minimum possible number
of summands in any tensor decomposition.
The following theorem, proved in [5], provides an estimation of the bilinear com-
plexity µq(n) under the assumption that there exists well-fitted function fields.
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Theorem 4.5 Let q be a prime power and n > 1 an integer. If there exists a
function field F/Fq of genus g(F ) with N1(F ) places of degree 1 and N2(F )
places of degree 2 such that
1) there exists a non-special divisor of degree g(F )− 1 ,
2) 2g(F ) + 1 ≤ q n−12 (q 12 − 1),
3) N1(F ) + 2N2(F ) > 2n+ 2g(F )− 2,
then
µq(n) ≤ 3n+ 3g(F ).
The existence of a descent for the tower Tc and the results of [3] on the existence
of a non-special divisor a degree g − 1 for all steps of the tower Tc when q ≥ 4,
make it legitimate to apply Theorem 4.5. We can now use for any characteristic p
the method developped in [5] for the particular case p = 2. We obtain :
Theorem 4.6 For q ≥ 4 and for any integer n we have
µq(n) ≤ 3(1 +
p
q − 3
)n,
and
Mq = lim sup
n→+∞
µq(n)
n
≤ 3(1 +
p
q − 3
).
Let us remark that in the case q = p ≥ 5 the bound given in [4]:
µp(n) ≤ 3(1 +
4
p− 3
)n
is better. The asymptotic bound given in Theorem 4.6 is better than the one given
in [13] and [5]. However for q = p ≥ 5, the best asymptotic bound is the one
given in [4].
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